Consequences of Schrödinger's antipodal identification on quantum field theory in de Sitter space are investigated. The elliptic Z2 identification provides observers with complete information. We show that a suitable confinement on dimension of the elliptic de Sitter space guarantees the existence of globally defined spinors and orientable dS/Z2 manifold. In Beltrami coordinates, we give exact solutions of scalar and spinor fields. The CPT invariance of quantum field theory on the elliptic de Sitter space is presented explicitly.
Introduction
Quantum field theory in curved spacetime is of fundamental interest in the understanding of a conceptual unification of general relativity and quantum mechanics. Quantum field theory on de Sitter space is of great interest for three reasons. First it provides a promising "inflationary" model of the very early universe [1] . The second, it is a highly symmetric curved space, in which one can quantize fields and obtain simple exact solution. Finally, the entropy and thermodynamic properties of de Sitter space has taken on added significance with the emerging possibility that the real universe resembles de Sitter space [2] .
The de Sitter spacetime contains two separated boundaries I + and I − , which denotes the past and future spheres respectively. This fact rises absurdities. The first is that a single immortal observer in de Sitter space can see at most half of the space. The second problem, as pointed in [3] , is that if enough matter is presented, the asymptotically de Sitter space may collapse at I − in finite time.
And there will be no future I + asymptotic de Sitter region at all. Even if the collapse does not occur, presence of matter alters the causal structure also [4] . The third and most fatal problem arises in trying to define the analogue of an S matrix. In quantum field theory, asymptotic incoming and outgoing states are properly defined only in the asymptotic regions of spacetime. However, according to the statement of the first problem, an observer can not denote the states continuously from past infinity to future infinity. Consequently, the matrix elements of S-like matrix are not measurable quantities. When one considers quantum gravity in asymptotically de Sitter space, the situation becomes even more serious. As has been pointed out by Witten, the only available pairing between in states and out states, CPT, should be used to obtain an inner product in the Hilbert space [5] . The conventional formulation of quantum field theory and string theory is based on the existence of an S matrix. The lack of an analogue of an S matrix is worrisome, of course. In order to construct quantum field theory in de Sitter space, problems shown above must be dealt with carefully. An old idea first proposed by Schrödinger and called the elliptic interpretation of de Sitter space [6] gains interests again recently. In the elliptic interpretation of de Sitter space, each point is identified with its antipodal point. This simple Z 2 identification gives all observers complete information about all events. For black holes, the identification destroys the thermal features and the usual Fock space construction of the ordinary de Sitter space [7, 8] .
Quantum field theory on the elliptic de Sitter space has been discussed extensively in [9, 10] . In this paper, we will discuss possible consequences of Schrödinger's antipodal identification of de Sitter space on quantum field theory. The elliptic Z 2 identification provides observers with complete information. Unfortunately, a general d-dimensional elliptic de Sitter space dS d /Z 2 is non-orientable. This is a fatal problem for constructing a quantum field theory. We calculate the highest cohomology group of the elliptic de Sitter space and show that the compactified manifold dS d /Z 2 is orientable for even d. Furthermore, we notic that the second Stiefel-Whitney class
while the dimension of the elliptic de Sitter space equal to 2 or 4m + 4 (m ∈ N). Thus, for 2-dimensional or (4m + 4)-dimensional elliptic de Sitter space, there exists globally defined spinors. In Beltrami coordinates, we give exact solutions of scalar field and spinor field. The CPT invariance of the quantum field theory on the elliptic de Sitter space can be shown explicitly. This paper is organized as follows. In Sec.2, we briefly review properties of de Sitter space and present facts to support the elliptic identification. In Sec.3, field quantization in elliptic de Sitter space is discussed in a general way. From properties of scalar field theory on de Sitter space in global coordinates, we conclude that a global Fock space no longer exists on elliptic de Sitter space. In Sec.4, we investigate geometrical property of elliptic de Sitter space and present explicitly a confinement of the dimension of elliptic de Sitter space which guarantees the compactified manifold dS d /Z 2 orientable and existence of globally defined spinor field. Sec.5 is devoted to explicit construction of scalar field and spinor field in Beltrami coordinates on elliptic de Sitter space. The CP T invariance of the scalar quantum field theory is given. In the final, we give conclusions and remarks in Sec.6.
De sitter space and elliptic identification
De Sitter space is a maximally symmetric space. In the (d + 1)-dimensional Minkowski space with metric η ab = diag(−1, 1, · · · , 1 d ), the de Sitter space is a d-dimensional timelike hyperboloid with embedding equation
The Hubble constant 1/a fixes the rate of expansion of the spatial sections. We will use lower case x to denote a d-dimensional coordinate on dS d and upper case X to denote the corresponding (d + 1)-dimensional coordinate in the embedding space. The de Sitter space has a constant positive curvature
, which is formed by four disconnected components G I , G T , G S , G ST . Here I, T and S denote the identity, time reversal and space reflecting elements respectively,
The G I denotes the component which contains the identity element. G T is obtained by acting T on G I ,
The G S and G ST components are got in a similar way. Define the antipodal transformation A, which is an element of G ST , as
The antipodal transformation sends a point p which is located by X a (p) to its antipodal pointp
Since A is an element of G ST , it reverses the direction of time.
Before the two-point Green function being discussed, it is useful to introduce the quadratic real form
Then, the geodesic distance between the points x and y is of the form
From the definition of the quadratic real form Z(x, y), we know that it changes sign when one point p(x) is sent to its antipodal pointp(x),
To understand the elliptic de Sitter space, we should begin with discussing on relations between point and its antipodal point in ordinary de Sitter space. First, the point p and its antipodal pointp are always space like separated, since Z(p,p) = −a 2 X 2 (p) = −1 < 0. Moreover, the interiors of the light cones of the point p and its antipodal pointp do not intersect. For a common point q located by Y a (q) which on the intersection of the light cones of p andp, we have
This is impossible. So that the interiors of the light cones of a point and its antipodal point do not intersect. Therefore, a single immortal observer in de Sitter space cannot [9] : (i)meet both p andp, (ii)receive a message from p and fromp, (iii)receive a message from p and send a message top. The above facts show that the identification of p andp does not lead to absurdities in principle. All the events observed by a single immortal observer are occurred at points inside the future event horizon which cover only one half of the de Sitter space. The other half made up of the antipodal points of the points inside the future event horizon. From the above discussion, we know that there is no event horizon and no closed timelike curves in the elliptic de Sitter space.
However, generally speaking, the quotient space dS/Z 2 is non-simply-connected and non-timeorientable. The operator A reverses the direction of time. Non-time-orientable elliptic de Sitter space may rise causality problems [10] . However, causality problems never occurred. As discussed in [10] , at no finite time can any observer ever directly detect the duplication of events in elliptic de Sitter space.
The elliptic identification maps I + and I − to each other. So that elliptic de Sitter space consists of only a single boundary S d−1 . This property will be useful for discussing the existence of an S matrix. Some more detailed descriptions of the classical properties of de Sitter space were discussed in [11, 12] .
In the rest of the paper, we will set a = 1 unless otherwise stated.
3 Field quantization in elliptic de Sitter space
Green function
Consider the symmetric two-point function
in a de Sitter-invariant state |λ . We assume |λ is invariant under the full disconnected group O(1, 4), so that G
(1)
λ (x, y) can only depend upon the geodesic distance d(x, y). Because the geodesic distance d(x, y) is a function of Z(x, y), the two-point function obeys the scalar field equation
which can be written in terms of Z
Since this wave equation is invariant under Z → −Z, the solution of (11) is of the form
where
is the hypergeometric function, c 1 and c 2 are constants. The general solution (12) has two poles at Z = 1 and Z = −1. If x is on the light cone of y, then Z(x, y) = 1. This is analogous to the usual short-distance singularity at σ = 0 that one has in Minkowski space along the light cone. Similarly, if x is on the light cone ofȳ, then Z = −1. Hence we see that, unlike Minkowski space, singularity in de Sitter space seems to come in pairs.
Now consider a real scaler field on the elliptic de Sitter space, given in terms of a scalar field on the ordinary de Sitter space as
It is symmetric under action of the antipodal operator A.
Thus, the Green function on the identified spacetime is given as
In terms of G
sλ (x, y) can be expressed as
Noting that in de Sitter space G
λ (x, y) is a function of Z(x, y), and making use of Equation (7), we obtain the following relations,
Therefore, we have
The Euclidean vacuum
Before considering fields on the elliptic de Sitter space, let us recall briefly some aspects of the canonical quantization of a real scalar field in the de Sitter space. Normally, one expands the field in terms of its modes as
The modes φ n (x) satisfy the wave equation
and are orthonormal each other under the Klein-Gordon inner product
where Σ is a Cauchy surface. The operators a n and a † n as usual satisfy the commutation relations
And the vacuum state |Ω is defined uniquely as a n |Ω = 0.
The Wightman function is defined by
There is a unique state, the "Euclidean" vacuum |E . The short distance singularities in G
E have the Hadamard form, the coefficient of the
is the same as in flat space. The Wightman function in state |E is
In de sitter space, there is a one-parameter family of de Sitter invariant Green functions parametrized by α [13] [14] [15] [16] [17] [18] . The "Euclidean" vacuum corresponds to α = 0. The Green function for these vacuum can be expressed as
In the elliptic de Sitter space, by making use of the Equation (20), we have
Unlike the case of de Sitter space, in the elliptic de Sitter space even for α = 0, the G
sα contains both singularities for Z(x, y) = 1 and Z(x, y) = −1 and both with the same strength. However, we regard the α vacua for α = 0 as unphysical. Since their Green functions do not have the same short distance singularities as in flat space. And as discussed in [19] , in standard renormalization theory the subtractions include nonlocal contributions to the effective action for α = 0. In the rest of the paper, we will work with the theory for "Euclidean" vacuum.
Fock Space in elliptic de Sitter space
We first show property of scalar field theory on dS d in the global coordinates (t, Ω). The metric is
where dΩ 2 denotes the metric on S d−1 . Writing the scalar field φ into variable-separating form, we have
The Y lm are spherical harmonics on
Here the Y lm is in nonstandard form, it can be writen in terms of usual spherical harmonics U lm ,
In particular, it should be noticed that
where the Ω A is got by antipodal transformation of Ω (A : Ω → Ω A ). The spherical harmonic functions Y lm are orthnormal each other,
and form a complete set
Then, we haveÿ
Solution for y l is of the form,
. We just consider the case of real µ [2m > (d − 1)]. Note that Eq. (37) is invariant under time reversal and the complex conjugate of y l1 is also the solution of Eq. (37). So that we can construct another solution of Eq. (37), it is given as
Consequently, we see that the modes
are positive frequency in de Sitter space, with property
In elliptic de Sitter space, antipodes represent the same event. This means that
With Eq. (21) and (41), one can get
Consequently, a global Fock space no longer exists and the Klein-Gordon inner product vanishes. The reason for this is that the identified space is non-time-orientable. However, in elliptic de Sitter space we need not build a Fock space which exists in de Sitter space. For the Z 2 identification, it is more nature to build a Fock space in Beltrami coordinates. This will be discussed below.
Geometrical properties of elliptic de Sitter space
One may doubt that after the Z 2 identification the manifold is non-orientable which is too bad for us to construct a field theory, since the non-orientable manifold means the "general Stokes formula" can not be used. Fortunately, we will show that the manifold dS d /Z 2 after compactification is orientable while d is even. There is a theorem, which indicates that manifold with its highest cohomology group H d (M, R) = R must be oriented [32] . The manifold dS d /Z 2 has topology (S 1 × S d−1 )/Z 2 after compactification [32] .
The highest cohomology group of the elliptic de Sitter space is
By making use of the Künneth formula,
we get
Noticing the fact that
we know the compactified dS d /Z 2 manifold is orientable for even d.
Manifolds with a non-vanishing second Stiefel-Whitney class do not admit globally defined spinors [22] . For constructing a spinor quantum field theory in elliptic de Sitter space globally, we need the elliptic de Sitter space with a vanishing second Stiefel-Whitney class. This will give a further confinement on dimension of elliptic de Sitter space. The general Künneth formula for cohomology with field coefficients [24] is expressed as: If F is a field and X and Y are CW (closure finiteness and weak topology) complexes, then the cross product map
and
are an isomorhism for all n. Making use of the general Künneth formula for cohomology with field Z 2
Noticing the fact
we conclude that the second Stiefel-Whitney class 
For de sitter space, the entropy is given by the Bekenstein-Hawking formula
where the area A denotes the volume of the horizon. However, for elliptic de Sitter space Before discussing quantum field theory on elliptic de Sitter space in Beltrami coordinates, we recall the nature manifold structure of the projective spaces RP d [21] . Consider the set of all straight lines in R d+1 passing through the origin. Since such a straight line is completely determined by any direction vector, and since any non-zero scalar multiple of any particular direction vector serves equally well, we may take these straight lines as the points of RP d . Now each of these straight lines intersects the To give a manifold structure on the projective spaces RP d , let us return to original characterization of RP d as consisting of equivalence classes of non-zero vectors in the space R d+1 with coor-
, let U q denote the set of equivalence classes of vectors (X 0 , · · · , X d ) with X q = 0. On each such region U q of RP d we introduce the local coordinates
Clearly the regions U q , q = 0, 1, · · · , d, cover the whole of projective d-dimensional space. The general formulae for the transition functions on U j U k can be obtained from those for U 0 U 1 by the appropriate replacement of indices. In the region U 0 U 1 , where both X 0 , X 1 = 0, the transition function from (x 0 ) to (x 1 ) is obviously
Scalar field in Beltrami coordinates
The Beltrami coordinates in elliptic de Sitter space can be defined in the same way as in RP d ,
Here we simply choose the U d patch of the elliptic de Sitter space to discuss. On the other patches, same discuss can be given. For the sake of convenience, we define
). The metric of elliptic de Sitter space in the Beltrami coordinates is given as [25] [33]
In order to compare with the global time which defined in the global coordinates (t, Ω), we write the metric (59) in terms of coordinates (X 0 , x 1 , · · · , x d−1 ). The relation between X 0 and the global time τ is X 0 = sinh τ . By making use of the relations between the coordinates (x a ) and (
we deform the metric (59) as
where x means just take the spatial part. Writing the spatial section of the metric (62) in spherical coordinates, we can get
Rewrite metric (63) in terms of Beltrami time τ as
Writing the scalar field φ n into variable-separating form
we can transform the equation (22) as
[
where ǫ is an arbitrary real constant. Here the Y lm is not in standard form and has a little different with the Y lm introduced in (33) . In terms of usual spherical harmonics U lm , the Y lm is expressed as
The spherical harmonic functions Y lm are also orthnormal and form a complete set. In particular, we have
To solve the equation (66), first we change its variable as X 0 . Then, the equation (66) transforms
By substituting
The solution of Eq. (73) is
and P By substituting
the equation (67) transforms as
Thus, we have
Consequently, we get solution for Eq. (66), (67) respectively,
A quantum field theory should be CP T invariant. To the end, we set
It means that
By making use of the relation between the associate Legendre function and hypergeometric fuction [30] 
we can get
From the relations (70), (86) and (87) we get
In Sec. 5.4, we will show that property (88) guarantee that the scalar field theory is CP T invariant.
Spinor field in Beltrami coordinates
The Dirac equation in curved spacetime has been discussed extensively by Brill and Wheeler [26] , and Kibble [27] . With the help of the so-called tetrad or vierbein formalism [28] , one can convert general tensors into local, Lorentz-transforming tensors and shift the additional spacetime dependence into vierbeins. The metric of curved space g ij is related to the metric of Minkowski space η ab by
where e a i is the so called vierbein. Converting the derivative ∂ i into the covariant derivative ∇ i , one yields the covariant Dirac equation in curved space
a γ a are the curved space counterparts of the Dirac γ matrices which satisfy
and the connection is given as
Here Σ ab is the generator of the Lorentz group given as
and Γ k ij is the Christoffel symbol defined as
The Dirac matrices is defined as follows (remind that the spacetime dimension is even). From the representations of Clifford algebra, we can give an iterative expression of Dirac matrices starting from 2-dimensional space, where
Then, in d = 2n + 2, we have
with γ a the 2 n × 2 n Dirac matrices in (d − 2) dimension and I the 2 n × 2 n identity.
In the Beltrami coordinates with metric (63), we can write the Dirac equation (95) as
By rewriting Ψ as
we transform the equation (99) as
where the Hermitian operatorK is introduced aŝ
Analogous to the discussing in paper [26] [29], we can conclude thatK commutes withĥ
whereĥ is related to the total angular momentum. SinceK commutes withĥ, they have common eigenfunction ωK
Then equation (101) can be transformed as
By making use of similitude transformation of Dirac matrices, one can always transform γ 0 and γ 1 as (101) easier. For the sake of convenience, we write the eigenfunction ω into two-component spinor function form
is the eigenfunction of operatorK. In the two-component spinor form, the equation of field is
(
The difference between the equations (110), (111) and the equations (112), (113) is just changing m to −m and k to −k. So that, we just need solve equations (110) and (111). The solution of equation (110) is
The solution of equation (111) is more complicate. To solve it, we make a transformation,
Then, the equation (111) is transformed into the form
By choosing
The solution of the above equation is of the form
Then, the solution ϕ(τ, ρ) is
In the final, we get the solution of the Dirac spinor function Ψ in Beltrami coordinates
CP T invariance
Going around from a point in de Sitter space to its antipodal point has the effect of acting on tangent space by P T and the Z 2 map also requires charge conjugation C. The cumulative effect is to relate a point of its antipodal point by CP T [10] . After the Z 2 identification, the effect of CP T is just relate Φ(x) to itself in the elliptic de Sitter space. The mode expansion of complex scalar field Φ is
We define the action of PT by
and the action of C by
Then, we get
Ca n C −1 = b n , and Cb n C −1 = a n .
In the limit of the Hubble constant 1 a → 0, the de Sitter space simply reduces to two copies of Minkowski space. The second copy is the CP T conjugate of the first. And the elliptic de Sitter space goes to Minkowski space.
Conclusions and remarks
In this paper, we have discussed consequences of Schrödinger's antipodal identification of de Sitter space on quantum field theory. The elliptic Z 2 identification provides observers with complete information. Unfortunately, a general d-dimensional elliptic de Sitter space dS d /Z 2 is non-orientable. This is a fatal problem for constructing a quantum field theory. We calculated the highest cohomology group of the elliptic de Sitter space and showed that the compactified manifold dS d /Z 2 is orientable for even d. Furthermore, we have noted that the second Stiefel-Whitney class H 2 (dS d /Z 2 , Z 2 ) vanished while the dimension of the elliptic de Sitter space equal to 2 or 4m + 4. Thus, for 2-dimensional or 4m + 4-dimensional elliptic de Sitter space, there exists globally defined spinors. In Beltrami coordinates, we have given exact solutions of scalar field and spinor field. The CPT invariance of the quantum field theory on the elliptic de Sitter space was shown explicitly. Though the asymptotic geometry of elliptic de Sitter space consists of only a single boundary S d−1 , the Z 2 identification makes the boundary of elliptic de Sitter space much more complicate.
The discussing about S matrix, and interaction between scalar field and spinor field will be published separately.
The striking elliptic interpretation given by Schrödinger is the implementation of observer complementarity. However, Schrödinger did not tell us how this can be done in detail. Here we suggest that the implementation of observer complementarity is relate to the entanglement entropy. According to the big bang model of universe observers are close enough. We simply considered the total quantum system as a pure state. Next, we divide the total system into two subsystems and they represent the observer and his antipodal observer respectively. The universe will eventually become an asymptotic de Sitter Space. Then, knowing the entanglement entropy of one system means knowing the entanglement entropy of antipodal system. This can be regard as the implementation of observer complementarity.
A Vierbein and Chirstoffel symbol
In this appendix, we present the detail vierbeins and Chirstoffel symbol used in the Sec. 5.3.
Vierbein: 
By making use of the substitution R = cosh t and λ = 1 + ρ 2 ,
we may express the Chirstoffel symbol as: 
